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Abstract A Bayesian approach to the statistical mapping
of Quantitative Trait Loci (QTLs) using single markers was
implemented via Markov Chain Monte Carlo MCMC) al-
gorithms for parameter estimation and hypothesis testing.
Parameter estimators were marginal posterior means com-
puted using a Gibbs sampler with data augmentation. Var-
iables sampled included the augmented data (marker-QTL
genotypes, polygenic effects), an indicator variable for
linkage, and the parameters (allele frequency, QTL substi-
tution effect, recombination rate, polygenic and residual
variances). Several MCMC algorithms were derived for
computing Bayesian tests of linkage, which consisted of
the marginal posterior probability of linkage and the mar-
ginal likelihood of the QTL variance associated with the
marker.
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Introduction

The availability of many mapped genetic markers and the
large family sizes of livestock species allow one to search
for quantitative trait loci (QTLs) anywhere in the genome.
Traditional methods for identifying major genes or marker-
QTL linkages are the Maximum Likelihood (ML)-based
approaches of complex segregation and of combined seg-
regation and linkage analysis, respectively. Use of the ML
methods requires the researcher, for computational rea-
sons, to either make several simplifying and unrealistic as-
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sumptions, e.g., no polygenic effects or relationships
among families and no other random effects such as litter
effects, or else to account for these effects in an approxi-
mate way (Hasstedt 1993).

The development of Markov chain Monte Carlo
(MCMC) algorithms (e.g., Smith and Roberts 1993) can
eliminate the need for simplifying assumptions. Parame-
ter estimation via Monte Carlo Expectation Maximization
(MCEM) algorithms (Guo and Thompson 1992; Thaller et
al. 1996) can include any number of additional fixed and
random effects and simultaneously account for relation-
ships across families, i.e., full pedigree information. The
evaluation of likelihood ratios for testing hypotheses about
major genes or linkages via MCMC algorithms is more dif-
ficult. An MCMC algorithm combining the importance and
Gibbs sampling of the unknown major or QTL genotypes
was presented by Thompson and Guo (1991) for likeli-
hoods with broadly similar parameter values. If under the
null and alternative hypotheses the parameter values dif-
fer substantially, this algorithm will not be useful and more
sophisticated techniques will be required, e.g., Monte
Carlo mixtures (Geyer 1991).

Even if the inclusion of nuisance parameters is feasible
computationally, ML is not likely to be the best method for
testing hypotheses about, and for estimating, the parame-
ters of interest, because it does not account for the uncer-
tainty associated with the nuisance parameters. In the pres-
ence of many nuisance parameters, likelihood ratio tests
may approach their asymptotic distribution only slowly
(Zeng 1994). Therefore, Bayesian methods have been sug-
gested by several authors for the identification of major
genes or linkages. Hoeschele and VanRaden (1993a,b) de-
rived a Bayesian analysis of linkage between single genetic
markers and quantitative trait loci. Hoeschele (1994) ex-
tended this method to multiple markers and described a Gibbs
sampler for this analysis. Thomas and Cortessis (1992) de-
veloped a Bayesian method, implemented via Gibbs sam-
pling, for a simple model of disease etiology, given a single
marker, Janss et al. (1995) and Thaller et al. (1996) presented
a Bayesian approach for complex segregation analysis of a
continuous trait and a categorical trait, respectively.
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In the Bayesian analysis, inferences about the parame-
ters of interest, or any function thereof, can be derived from
their marginal posterior distributions which account for un-
certainty in the other parameters. When Bayesian analysis
is implemented via MCMC methods, desired inferences
from marginal distributions can be obtained even for very
general models (e.g., models including additional fixed and
random effects). Bayesian analysis can furthermore incor-
porate prior knowledge about the probability of linkage
(Thomas and Cortessis 1992; Hoeschele and VanRaden
1993a,b) and about the distribution of gene effects at QTLs
(Hoeschele and VanRaden 1993a,b; Fernando and Gross-
man 1989; Goddard 1992). By varying the prior assump-
tions, a robustness study can be conducted to assess the de-
gree of dependency of the outcome of the analysis on the
prior information.

In this paper, we present a Bayesian analysis of linkage
between single genetic markers and a QTL. This research
implements the method of Hoeschele and VanRaden
(1993a,b) via MCMC algorithms. In another contribution
(Uimari et al. 1996), we willreport on Bayesian linkage anal-
ysis using multiple linked markers. Here, we first derive
Bayesian point estimators for the parameters, which are
computed via a Gibbs sampler with data augmentation. We
then derive MCMC versions of Bayesian tests for linkage.
In a companion paper (Thaller and Hoeschele 1996) we ap-
ply the methods to simulated granddaughter designs (GDD)
or half-sib designs used in cattle for the mapping of QTLs.

Methods

Parameter estimation

Bayesian linkage analysis was implemented via the Gibbs sampler
in combination with data augmentation (Tanner and Wong 1987). In
each Gibbs cycle, all parameters and missing data were sampled from
conditional distributions given the observed data and current sam-
ple values of all other variables. The parameter vector (@) included
the substitution effect () and gene frequency (p) at a biallelic QTL,
marker-QTL recombination rate (r), an overall mean and additional
fixed effects (f8), and polygenic, 0,42, and residual variance, o‘f Al-
lele frequencies at the marker locus were assumed known, as these
can be accurately and independently estimated from the marker gen-
otypes, but can easily be included in the sampling scheme (Uimari
et al. 1996). The missing data were the marker-QTL (MG) genotypes
and polygenic effects (#) of all individuals. The genotypes in MG
were defined as complete multi-locus genotypes (known linkage
phases). Also included in the sampling scheme was an indicator var-
iable & representing either nonlinkage (£=0) or linkage (£ =1).
Under £ =0, r=0.5, and under &£ =1,0 < r<0.5. Below, P(.) will de-
note the (joint) probability of a (set of) discrete variable(s), and f(.)
will denote the joint probability density of a set of continuous vari-
ables or of both continuous and discrete variables.

The joint posterior distribution of a sample of the missing data
and parameters, given the observed phenotypic (y) and marker (M)

data, is
fr. 0, . MG uly, M)=P(E=0|y,M)f(6_,MG,u|y,M,%£=0)

+P(E=1]y,M)f(6, MG, u|y,M, L=1) (1)
where 6., equals 8 with r omitted, and where

O, MG, uy, M, £=1) <

FOIMG, u, 6.) P(M|MG) P MG |r,p)f|ol)
fOpfr1E=1) @3]

is the joint posterior probability of the parameters and missing data
under linkage. The joint posterior under nonlinkage equals the right-
hand-side in (2), except that f(r|¥=1) is replaced with
f(r|£=0)=I(r=0.5), where I(.) is the indicator function equal to 1 if
the condition is true or zero otherwise. In (2), it was assumed that r
and the other parameters are independent a priori, and

FO)=f@f@f B f(eHfl0d

is the prior density of the other parameters assuming prior indepen-
dence. Further, f(z|02) is the density of the polygenic effects,
P(MG 7, p) is the joint probability of a set of genotypes for the ped-
igree, and P(M|MG) is 1 for any MG compatible with M and O oth-
erwise.

The marginal posterior probability of nonlinkage as defined in
equation (6) of Hoeschele and VanRaden (1993b) can be rewritten
as

P(L=0]y.M)
_ P(L=0)f(y.M|£=0)
P(Z=0)f(.M|Z=0)+P(E£=1) f(3. M[L=1)
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P(£=0) f(y,M|£=0)
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where the marginal likelihood under linkage is
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and the marginal likelihood under nonlinkage is identical to (4) ex-
cept that f (| £ =1) is replaced by f (r| &£ =0). In (4), O, is a lower
limit on ¢, while p; and p, are lower and upper limits on p, respec-
tively, and ¢ is a constant (see Hypothesis testing).

Sampling from the joint posterior distribution in (1) is not fea-
sible because the marginal probabilities of (non)linkage are unknown
[the integrations in (4) are not feasible]. Therefore, a Gibbs sampler
was derived based on the joint posterior distribution of the event of
(non)linkage, the parameters, and the missing data, or

P(£,0,MG,uly, M). (5)

Sampling from (5) was performed by sampling in turn from the con-
ditional distribution of the linkage indicator variable & and of r, and
from the conditional distribution of the other parameters and the
missing data, or

P&, 70, MG, uy M), P(O_,.MG,ul|y,M,r).
The conditional probability of nonlinkage equals

(6)

P(£=0) P(MG|%=0,p) f(y| MG,u,0) f(x| o) f(O-,)

P(£=0|0.,,MG,u,y)

0.5
numerator + P(£ =1) J PMG|r,p) f(y| MG,u,0) f(uloﬁ)f(ﬂ) dr
0.0

Q)
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05

=P(£=0|MG)

numerator + P(£=1) | P(MG|r) f(r|£=1)dr
0.0



where P (MG|r) denotes the part of P (MG |p,r) which depends on-
ly on r. The probability density of the missing data and parameters
under linkage is

f(OuMG|y M, £=1)c<

N, N
[HP(MGI-IP)H P(MGi|MGi,r,P)}
=] i=N,+1

N
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where N is number of animals in the pedigree, N, is number of base
animals, N is the total number of individuals, p,=[s;,d;], s; is the sire
of i, d; the dam of i, f(y;].) is set to one if animal i does not have
an observed phenotype, and P(M;| MG;) is set to one for an individ-
val without marker information. Further, P(MG;|MG,;r,p)=
P(MG,;|MG;,MG 4,r) for an individual with both parents known, and
P(MG;|MG,;,r,p)=P (MG,|MGy,r,p) for an individual with only
the sire known. The conditional probability of the parameters and
the missing data under nonlinkage is identical to that in (8) except
that r is fixed at 0.5. The integration required in (7) was performed
using algorithm AS 63 (Appl. Statist. 22:409) for the integration of
the truncated beta density (see sampling of parameters below).

To derive the conditional sampling distributions of the parame-
ters, the posterior probability density (8) must be written more ex-
plicitly in terms of the unknown parameters; in particular, the geno-
type probabilities in (8) must be rewritten in terms of parameters p
and r. Prior ignorance about the parameters was represented by an
improper flat prior for 3, proper uniform priors for p, r, and the var-
iances, and a uniform prior on[0,e=] for «. Prior information on o
might be represented by an exponential prior (Hoeschele and Van-
Raden 19932) or by a normal prior truncated to the left at zero (God-
dard 1992). Then, (8) is equivalent to

F(0u MGy M.L=1) e p" (1=p)" 7/ (1= T (q0)"

{ﬁ P(M, | MG;) f(y; | ot.Bot;, MG, 52 >}
i=1

f@lo) I(p;<p<p,)I(0<r<05) f(e) 9)

where the y and 1 terms are appropriate allele and recombinant
counts, respectively, based on the current MG genotypes of individ-
uals, and g, is frequency of marker allele k.

The event of linkage (£=1) or nonlinkage (¥=0) was sampled
according to P (¥=0|MG) in (7) by sampling a uniform U (0,1) var-
iate x and setting £=0 and r=0.5 if x<P (¥=0| MG). If linkage was
sampled (x>P (£=0] MG)), then ¥£=1 and r was sampled subsequent-
ly from the beta distribution Be(y,+1,7,+1) truncated to the right at
0.5.

Fully conditional sampling densities of each parameter can be
derived from (9) by collecting and rearranging all terms dependent
on the particular parameter in order to obtain a standard distribution
to sample from. The sampling distribution for p is Beta(y,+1,1,+1)
as in Janss et al. (1995). If considered as unknown in the analysis,
allele frequencies at the marker would be sampled from a Dirichlet
distribution (Devroye 1986) with parameters determined by the al-
lele counts %,.

Sampling distributions for fixed () and random effects (u) are
normal, conditional on a set of genotypes, and can be derived from
(9) using linear mixed model theory (e.g., Wang et al. 1993). Mean
and variance of each univariate, conditional, normal sampling dis-
tribution can be obtained from MME in ¢, 3, and u, for a given set
of genotypes, from analogy with Gauss-Seidel iteration by replacing
current and previous solutions with current and previous sampling
values, setting the variance equal to the reciprocal of the diagonal of
the equation and the mean equal to the solution. The u effects of par-
ents with several final offspring (sires in a GDD) were sampled from
adistribution marginalized with respect to the final offspring but con-
ditional on all other variables as in Janss et al. (1995). Mean and var-
iance of this sampling distribution are obtained by forming MME for
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the sire and his final progeny with right-hand-sides adjusted for all
other effects and absorbing final progeny into the sire equation.

QTL parameter ¢ can be sampled analogously to the elements in
B and u from its fully conditional, normal standard sampling distri-
bution if a prior representing a uniform or normal distribution trun-
cated below at zero is used, with sample values below zero being re-
jected. If an exponential prior distribution for & were chosen instead,
the resulting sampling distribution would not be standard and would
have to be sampled from via techniques for nonstandard distributions
(Devroye 1986), e.g., rejection sampling, adaptive rejection sam-
pling (Gilks and Wild 1992), Metropolis-Hastings within the Gibbs
sampler (Chib and Greenberg 1995; Uimari et al. 1996), or adaptive
rejection Metropolis sampling within the Gibbs sampler (Gilks et al.
1995).

The fully conditional distributions of the variance components
were inverse chi-square, as in the linear mixed model. Variances were
sampled as in Wang et al. (1993) except that the degrees of freedom
were reduced by 2 resulting from a proper uniform prior for the var-
iances instead of the prior in Wang et al. (1993) now known to cause
an improper posterior distribution (e.g., Hoeschele 1989; Hobert and
Casella 1994) in the linear mixed model. An improper uniform prior
has been shown to produce a proper posterior (Carlin 1992; Gelman
and Rubin 1992; Hobert and Casella 1994).

Genotypes of all individuals, except parents with many final off-
spring, were sampled according to their fully conditional probabil-
ities (Guo and Thompson 1992). The MG genotypes of parents with
many final offspring were sampled from posterior probabilities mar-
ginalized with respect to the genotypes of the final offspring, as in
Janss et al. (1995). For an individual with known inheritance of the
marker alleles, sampling its MG was equivalent to sampling G giv-
en M. For an individual with unknown inheritance at some marker
loci (same marker genotype as a single known parent or as both par-
ents), all possible multi-locus (MG) genotypes were identified and
sampled conditional on parental and nonfinal offspring MG geno-
types, final offspring phenotypes, and the individual’s marker gen-
otype. For a base animal, all possible multi-locus (MG) genotypes
were obtained by combining its possible marker linkage phases with
the four possible QTL genotypes and sampled conditional on the MG
of offspring. Consequently, in each Gibbs cycle a complete set of
multi-locus genotype realizations was obtained, allowing sampling
of r, p, and the g, (if unknown) from standard distributions. This ap-
proach differs from that of Thomas and Cortessis (1992) who sam-
pled only G given M which led to a nonstandard sampling distribu-
tion for r.

Parameter estimators were marginal posterior means, and their
MC estimates were averages of all Gibbs samples for the respective
parameters.

Hypothesis testing

Two criteria were chosen as tests for linkage between the marker and
a QTL. The first criterion was the marginal posterior probability of
linkage, P(£=1|y,M), and the second was the marginal posterior
density of the variance associated with the marker o2,=(1-2r)?2p
p)yor), f(Gfn |y, M). Three different MC methods were used to eval-
vate P (£=1|y, M) which either provide an estimate of the probabil-
ity directly, or estimates of the marginal likelihoods [(4)], or of the
ratio of these likelihoods, f(y, M| L=1)/f(y, M| £=0).

For testing linkage versus nonlinkage, different null and alterna-
tive hypotheses can be formulated. In this study, the null hypothesis
was defined as “the marker is unlinked (¥=0 & r=0.5) to a QTL with
substitution effect a greater than or equal to o4, and gene frequen-
cy p in the range O<p,;<p<p,<1”. The value o0;;;, may be set equal
to the minimum detectable effect for a given design, and limits p;
and p, may be chosen such that at least one family in the design is
heterozygous at the QTL. When the hypothesis is formulated in terms
of one QTL parameter (here r), such restrictions on the other QTL
parameters are necessary because non-linkage can either be ex-
pressed as r=0.5, a=0, or p=0.

The marginal posterior probability of non-linkage was estimated
directly as the Monte Carlo average of the conditional probabilities
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of linkage used in the Gibbs sampler, or
P(£=01y.M)

1
_Cz

c=1

P(£=0)P(MG, | r=0.5)
0.5

) (10)
numerator+ P(£=1) J PMG, |r) f(r1€=1)dr
0.0

where C is the number of Gibbs cycles and sub- or super-script ¢ in-
dicates cycle number, or as the frequency of the cycles in which the
nonlinkage event was sampled, i.e.,

(1mn

where I(.) is the indicator function equal to one if in cycle ¢ the sam-
ple value for & was 0 and equal to zero otherwise. The parametric
estimator (10) should be preferred but in large samples (10) and (11)
yield identical results.

The Monte Carlo estimation of likelihood ratios (classical or Bay-
esian) is considerably more difficult than point estimation viaMCMC
methods and still in the development phase. Here we chose to inves-
tigate two estimators of marginal likelihoods or of their ratios which
have recently been proposed in the literature. The first estimator, sug-
gested by Newton and Raftery (1994), employs an MC estimator of
the marginal likelihood based on importance sampling, or

n C
PE=01y.M) =X [(£:=0)

c
2 f(r16.)£(68.)/g(6.)

fy=""—

21 1(8.)/g(8,)

=
where g(.) is the importance sampling function. Setting g(.) equal to
the prior f (¢) produces an inefficient estimator with large variance,
as only few samples from the prior yield non-negligible conditional
likelihood values. Setting g(.) equal to the posterior f (8 | y) leads to
an unstable estimator equal to the harmonic mean of the condition-
al likelihoods, where the rare occurrence of parameter vectors with
very small likelihoods dominates the estimate. Because the problems
with the aforementioned estimators are of an opposite nature, New-
ton and Raftery (1994) suggested using a g(.) equal to the density of
a mixture of the prior and posterior distributions. As this approach
would require sampling both from the prior and the posterior, New-
ton and Raftery (1994) derived an approximation with samples drawn
only from the posterior, which takes the form

12)

8C v f018)
Foy= 70 H 8FW+148) f(y18)
Y= 5¢ < 1 (13)

) M
(-8 f(y) & 6f(N+1-8)f(y16)

where 6 is the (hypothetical) fraction of samples obtained from the
prior, and C is sample size from the posterior. Newton and Raftery
(1994) noted that 6 values in the range 0.01 to 0.10 worked well in
their examples. Equation (13) must be solved iteratively and can be
rewritten in the computationally more convenient form

S l-explnf(yl@)-Inf(l __
& 5+(1-8) explinf(y18)-In f(y)]

which is solved for In f (y).

In the linkage problem considered here, the observations [y in
(13) and (14)] were the observations in y and M, and the parameter
vector 8 also included the missing data (u, MG). To obtain the ra-
tiof (y,M|¥=1)/f (y.M | £=0), the numerator was evaluated by Gibbs
sampling with r free on (.0,0.5), and the denominator was evaluated
by running an additional sampler with r fixed at 0.5. The condition-
al (on parameters) probability density of the observations required
in (13) and (14) was

f(».M|MG..u..0, = P(M|MG,.)f(y | MG,.u,.6.)

(14)

N
= 11 P(M; |MGi(c))f(yi lui(c)sMGi(c)vec ). (15)

Note that while evaluating (15) would present a numerical problem
for a large N, only its logarithm is required in (14).

Meng and Wong (1993) presented an alternative approach to the
MC evaluation of likelihood ratios. Their class of MC estimators is
of the general form

A0 _ BLAGY) a(0)]

L) Elf(8y)a(8)]
where

fi(By) .
(0 = =
£i(0ly) ) i=1,2

subscript i identifies the hypothesis, E; denotes expectation with re-
spect to (0 | y), and a(8) is an arbitrary function such that

0<| | a6 fi(8ly) £,(6]y)d0l=< an

QN

In addition to providing theory for identifying an asymptotically
optimum ¢(.) which must be found iteratively, Meng and
Wong (1993) suggested some appealing practical choices for a(.).
We used

1
o(0)= ——ooou— (18)
V1(3.0) /(3.0)

which leads to an MC estimator of the likelihood ratio equal to

G
LS 0.6 50.0)

ORI ge——— )
2 T2 0.0/ /(3.6

where the C, and C; samples in the numerator and denominator, re-
spectively, are from the posterior under hypotheses 2 and 1, respec-
tively.

For the linkage problem considered here, the alternative hypoth-
eses are 1: £=0 and 2: ¥=1. The joint probability density of the ob-
servations and parameters, required in (19), is given below. Note that
leaving r out of O is necessary to satisfy condition (17).

fi(y, M0, . u,MG)= f(y|u,MG,0_,)

- f(u|c2) P(M|MG) B,(MG|p,r) f(6.,) i=1,2
£i(y,M.0_,,u,MG) _ P(MG)

£(.M,60.,.uMG) " P,(MG) 20
where :

P(MG)=P(MG|%=0)=P(MG|r=0.5) and

0.5
B (MG)=P(MG|L=1)= J P(MG |r) f(r|£=1)dr.
0

Substituting (20) in (19) yields the estimator of the ratio
£ (. MIL=D)f (y,M| £=0).

The marginal posterior density of any function of the parameters
can be estimated from Gibbs output using non-parametric techniques
such as average shifted histograms (Scott 1992). Here, the marginal
posterior distribution of the variance associated with the marker was
of interest. For any sample of the marker-QTL parameters r, p, and
o, the corresponding variance was calculated as (1-27) 2p(1-p) o7,
and the sample of variances was used to estimate the marginal pos-
terior density. Janss et al. (1995) estimated the marginal posterior
density of the variance at a major locus in this way and suggested
using the maximum density estimate and the density estimate at
zero to compute a likelihood ratio test from these marginal likeli-
hoods.



Conclusions

Parameter estimates obtained with the Bayesian approach
are to be interpreted differently from those obtained in a
classical ML analysis. While one would expect fairly sim-
ilar estimates when there is substantial information in the
data about all parameters, one would expect larger differ-
ences when there is little information. These expectations
result from the fact that the Bayesian analysis attaches a
nonzero probability to the nonlinkage hypothesis if there
is weak evidence for linkage in the data, and the parame-
ter estimates can be interpreted as weighted averages of
the estimates obtained under linkage and nonlinkage.

Several tests for linkage, evaluated from Gibbs output,
were presented. The most promising appears to be the test
based on marginal posterior probabilities of linkage calcu-
lated from equations (10) or (11) (see Thaller and Hoes-
chele 1996). This method generalizes straightforwardly to
multiple linked markers (Uimari et al. 1996) and is simi-
lar to MCMC sampling with model indicators (Albert and
Chib 1994).

In a practical setting, the method presented here should
be employed to reanalyze interesting regions of the ge-
nome. An initial analysis with a computationally simple
method (e.g., linear regression), which does not allow for
the estimation of QTL parameters and the use of full ped-
igree information, should be performed first. A major ad-
vantage of a simple method is that exact threshold values
for hypothesis testing can be determined via data permu-
tation (Churchill and Doerge 1992). For simple designs,
relationships can be established between the F'test, the like-
lihood ratio test, and Bayes factors (Kass and Raftery), but
this will most likely not be possible for the more compli-
cated designs and models for outcross populations.

Applications of Bayesian linkage analysis using
MCMC algorithms can also be found in plant genetics (Sa-
tagopan et al. 1996) and in human genetics (Thomas and
Cortessis 1992). The method presented in the present paper
extends the work of Thomas and Cortessis (1992) to con-
tinuous phenotypes and the work of Satagopan et al. (1996)
to outcross populations and more complex models of phe-
notypic variation.
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